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Compression Induced Achiral-Chiral Phase Transition
of Monolayers Comprised of Banana-Shaped Achiral
Molecules at the Air-Water Interface: Importance of
In-plane Nematic Order
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Tokyo, Japan
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Monolayers comprised of banana-shaped achiral molecules are modeled taking into
account the hard-core repulsive force and electrostatic interaction between constituent
molecules and the water surface. The model predicts the achiral-chiral transition of
orientational structure along with in-plane nematic ordering during a monolayer
compression due to the 2D geometry of monolayers. This model further reveals that
in-plane nematic order is established beforehand of the chiral transition since
banana-shaped molecules behave as rod-shaped molecules with variable aspect ratio
in 2D geometry. It indicates the importance of in-plane nematic order in the achiral-
chiral phase transition of monolayers comprised of banana-shaped achiral molecules.

Keywords: banana-shaped achiral molecules; chiral structure; geometry effect;
Williams-Bragg approach
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I. INTRODUCTION

The physicochemical properties of amphiphile monolayers at the
air-water interface have been attracted much attention since the
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preparation technique was developed by Langmuir [1,2]. The structures
of monolayers are determined by positional order of molecular
head on the water surface and orientational order of molecular tail
pointing towards the air. The orientational order parameters
Sn

�
�hPn(cos h)i

�
have been introduced to represent the orientational

structure of monolayers comprised of rod-shaped molecules as an
extension of the orientational order parameter S2 of nematic liquid
crystal [3], where Pn(cos h) is the Legendre polynomial of n-th rank
and h is the tilt angle from the water surface. The non-centrosym-
metric structure of monolayers is characterized by the presence of
the odd-number-th orientational order parameters, i.e., S2m� 1 6¼ 0
(m ¼ 1, 2, . . .). From the viewpoint of dielectric physics of monolayers,
the spontaneous and second order non-linear polarizations are gener-
ated from monolayers due to S1 6¼ 0 and S3 6¼ 0 [4]. We have developed
Maxwell displacement current (MDC) and optical second harmonic
generation (SHG) measurements to detect the spontaneous and second
order non-linear polarizations, and have measured S1 and S3 of mono-
layers comprised of rod-shaped achiral molecules, e.g., alkyl-cyanobi-
phenyl homologues [5]. Recently, it has been demonstrated that
MDC-SHG measurement is capable of probing the chirality of mono-
layers comprised of chiral rod-shaped molecules, which originates
from the molecular chirality [6,7].

Thus far, we have focused on monolayers comprised of achiral and
chiral rod-shaped molecules, where the molecular symmetries are
C1v and C1, respectively. In order to extend our knowledge, we have
been studying monolayers comprised of banana-shaped achiral mole-
cules (C2v symmetry) [8–10]. Bulk liquid crystals of banana-shaped
achiral molecules have been recognized as one of the most important
materials [11–13]. Liquid crystals of banana-shaped molecules form a
ferroelectric phase, where banana-shaped achiral molecules are
stacked in the smectic-like layer structure (B2 phase) [12]. The spon-
taneous polarization generated from each layer originates from the
orientational ordering of dipole moment in C2-axis (f-axis in Fig. 1)
parallel to the layer plane. On account of the orientational ordering
of the molecular long axis (n-axis), each layer of B2 phase lacks mirror
symmetry even though it is comprised of achiral components [11,13].
As an extension of molecular chirality, we denote the macroscopic
structure without mirror symmetry as chiral in this article. Since it
is possible that the chiral structure formation of bulk liquid crystal
of banana-shaped achiral molecules is attributed to the structure of
banana-shaped molecules at the interface between liquid crystal
and substrate, it is important to clarify the orientational structure
of banana-shaped molecules at the interface.

14=[1052] T. Yamamoto et al.
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In our previous study, the orientational structure of 1-butyl-2,6-bis-
[2-(4-dibutylaminophenyl)-vinyl]-pyridiniumiodide (M53) monolayers
at the air-water interface has been studied by means of MDC-SHG
measurement to investigate the formation of chiral structure as an
assembly of achiral molecules [8]. Unfortunately, such chirality was
not detected from M53 monolayers though MDC-SHG measurements
are capable of probing the chirality of monolayers [7]. In order to

FIGURE 1 (a) Model of banana-shaped molecule and classification of banana-
shaped achiral molecules; (b) a type 1 banana-shaped molecule (c) type 2
banana-shaped molecule.

Compression Induced Achiral-Chiral Phase Transition 15=[1053]
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clarify this experimental result, we carried out an analysis taking into
account the geometrical constraint imposed on the molecular rotation of
banana-shaped molecules around f-axis (interfacial binding effect) [8].
Amphiphile banana-shaped achiral molecules must possess hydro-
phobic part either at the end of two legs Eþ and E� (type 1) or at
the connecting part C of two legs (type 2) to float on the water surface
(see Figs. 1 (b) and (c)). When the constituent banana-shaped mole-
cules are tilted from the water surface normal (h 6¼ 0), a type 1 mol-
ecule can rotate around f-axis somewhat (w 6¼ 0), whereas rotation of
a type 2 molecule around f-axis is prohibited (w ¼ 0) owing to the
strong hydrophobic repulsive interaction between constituent mole-
cules and water surface. According to Simpson [14], monolayers com-
prised of banana-shaped achiral molecules can form chiral structure
when the orientational distribution of constituent molecules is asym-
metric with respect to the twist angle w due to the symmetry breaking
at the interface. In other words, while there still exists the possibilities
that monolayers comprised of type 1 banana-shaped achiral molecules
form chiral structure, monolayers comprised of type 2 banana-shaped
molecules do not form chiral structure. M53 molecules are classified as
type 2 molecules from the result of MDC measurement, i.e., M53
monolayers did not form chiral structure due to the interfacial binding
effect. In that analysis, we have shown that the molecular rotation of a
type 1 banana-shaped molecules around f-axis is possible, but we have
not shown that monolayers comprised of type 1 banana-shaped mole-
cules form chiral structure.

Recently, we have analyzed the orientational structure of mono-
layers comprised of type 1 banana-shaped achiral molecules taking
into account the electrostatic interaction between constituent mole-
cules and the water surface, and the hard-core repulsive interaction
between constituent molecules [10]. Since constituent banana-shaped
achiral molecules are aligned at a 2D surface, we only take into
account the hard-core repulsive interaction between the projection
of constituent banana-shaped molecules onto the water surface [9].
It has been demonstrated that monolayers comprised of type 1
banana-shaped molecules form chiral structure in the course of the
monolayer compression (compression induced chiral symmetry breaking)
due to the geometry of molecular alignment in 2D surface on the ana-
logy of Williams-Bragg approach. This analysis also have revealed
that the in-plane nematic order, i.e., orientational order with respect
to f-axis of a constituent molecule, plays an important role in the for-
mation of chiral orientational structure. However, we did not discuss
the formation mechanism of in-plane nematic order of monolayers
comprised of banana-shaped molecules in this analysis. In the present

16=[1054] T. Yamamoto et al.
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study, we have studied the formation of in-plane nematic order of
monolayers comprised of type 1 banana-shaped achiral molecules to
investigate the importance of in-plane nematic order in the achiral-
chiral phase transitions of such monolayers. We briefly review the
model of monolayers comprised of type 1 banana-shaped achiral mole-
cules and the mechanism of chiral-achiral phase transition to show
why it is necessary to study the in-plane nematic order in sec. II
and III. In a manner similar to Onsager’s theory of isotropic-nematic
phase transition of 3D bulk liquid crystal [15], we consider that the
hard-core repulsive interaction is the origin of the in-plane nematic
ordering. It is demonstrated that type 1 banana-shaped achiral mole-
cules are viewed as a rod-shaped molecule with variable aspect ratio
in 2D geometry and that in-plane nematic order is established in
the course of the monolayer compression at larger molecular area
than the achiral-chiral phase transition in sec. IV. We conclude our
article in sec. V. Since we only discuss monolayers comprised of type
1 banana-shaped molecules in this article, we denote type 1 banana-
shaped achiral molecules as just banana-shaped achiral molecules in
the following.

II. A STATISTICAL MECHANICAL MODEL OF
MONOLAYERS COMPRISED OF BANANA-SHAPED
ACHIRAL MOLECULES

In this section, we construct a statistical mechanical model of mono-
layers comprised of the banana-shaped achiral molecules taking into
account the electrostatic Coulomb interaction between the dipole
moments of constituent molecules and image dipoles induced at the
water surface, and hard-core repulsive interaction between constitu-
ent molecules [10]. Figure 1(b) is the model of a type 1 banana-shaped
achiral molecules. In the monolayer coordinate system, the orienta-
tions of the two legs qþ and q� of the i-th molecule are determined
by the tilt angle hi, twist angle wi, and tilt azimuth /i of the i-th mol-
ecule (see Fig. 1(b)). A banana-shaped molecule possesses permanent
dipole moment in f direction due to the symmetry of the model mol-
ecule (C2v). We assume that the dipole moment is represented by the
sum of dipole moments lþ (¼ l0qþ ) and l� (¼ l0q�) at the two legs
of a banana-shaped molecule, where lþ and l� are comprised of posi-
tive charges at the end Eþ and E� of two legs and negative charges of
the connecting portion C of the two legs. The dipole moments at the
two legs of constituent molecules induce image dipole moments at
the water surface. The electrostatic energy due to the interaction
between the dipole moment of the i-th molecule and image dipole at

Compression Induced Achiral-Chiral Phase Transition 17=[1055]
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the water surface is written as [10]

Vðhi;wiÞ ¼ �
l2

0

16pl3E0Em

Ew � 1

Ew þ 1

1

cos U0

2 cos hi � sin U0

2 sin hi sin wi

 

þ 1

cos U0

2 cos hi þ sin U0

2 sin hi sin wi

!
: ð1Þ

Ew(�78), Em, E0 are the dielectric constant of a water, monolayer, and
vaccuum. U0 is the angle between the two legs of molecules. l is the
leg length of the banana-shaped molecules. On account of hydrophobic
repulsive interaction between the hydrophobic ends of banana-shaped
molecules and the water surface, the geometrical constraints are
imposed on the orientation of constituent banana-shaped molecules
(interfacial binding effect). The geometrical constraint is taken into
account by setting the limit of orientation with respect to the twist
angle w and tilt angle as �wMax�w�wMax (wMax ¼ sin�1(� h=(l
sin(U0=2)sin h)þ 1=(tan(U0=2)tan h))) and h < hMax (hMax ¼ cos�1(h=l
cos(U0=2))) [8–10]. Here, h is the finite thickness of the two legs of
constituent molecules.

In our present model, we also take into account the hard-core repul-
sive interaction between constituent molecules. Since the thickness of
monolayers is less than the molecular length, it is sufficient to take
into account the hard-core repulsive interaction between the projec-
tion of constituent banana-shaped achiral molecules [9,10]. On
account of the hardcore repulsive interaction, constituent banana-
shaped achiral molecules make the surface exclusive area Sexclusive,
where constituent molecules cannot occupy (see Fig. 2(a)). Two inter-
acting constituent banana-shaped molecules rarely intercross each
other due to the geometry of monolayer. Thus, for simplicity, we
assume that constituent molecules cannot occupy the intercrossing
area Scross, where constituent molecules must intercross each other
to occupy the area, either. Sexclusive and Scross are represented as [10]

Sexclusiveðhi;wi;/i; hj;wj;/jÞ ¼ l2Maxfaz � pjþ � ðpiþ � pi�Þ;
az � pj� � ðpiþ � pi�Þ; 0g

þ l2Maxfaz � piþ � pjþ;az � piþ � pj�; 0g
þ l2Maxfaz � pjþ � pi�;az � pj� � pi�; 0g

ð2Þ

Scrossðhi;wi;/iÞ ¼
1

2
l2az � piþ � pi� ð3Þ

18=[1056] T. Yamamoto et al.
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with

piþ¼
�

sin
U0

2
coswicos/i�

�
cos

U0

2
sinhiþsin

U0

2
coshisinwi

�
sin/i

�
ax

þ
�

sin
U0

2
coswisin/iþ

�
sin

U0

2
coshisinwiþcos

U0

2
sinhi

�
cos/i

�
ay

pi�¼
�
�sin

U0

2
coswicos/i�

�
cos

U0

2
sinhi�sin

U0

2
coshisinwi

�
sin/i

�
ax

þ
�
�sin

U0

2
coswisin/iþ

�
�sin

U0

2
coshisinwiþcos

U0

2
sinhi

�
cos/i

�
ay

where piþ and pi� are the projections of the two molecular legs þ
and � onto the water surface. az is a unit vector normal to the water
surface. Max{X1, X2, X3} is the largest value among X1, X2, and X3.

FIGURE 2 (a) An example of surface exclusive area Sexclusive and inter-
crossing area Scross. The two thick bent rods are the projection of constituent
banana-shaped molecules, i and j onto a water surface. The surface exclusive
area is Sexclusive ¼ SA þ SB þ SC. SA; SB; and SC are the first, second, and
third term of Eq. (2), respectively. (b) Surface exclusive area Sexclusive of two
interacting banana-shaped achiral molecules, i and j, with the same twist
angle w0, where the projection of moleculear legs onto a water surface is repre-
sented by solid rods (/0 ¼ 0). (c) Surface exclusive area Sexclusive of two inter-
acting constituent banana-shaped achiral molecules, i and j, with the
different twist angle (w0 and �w0), where the projection of moleculear legs
onto a water surface is represented by solid rods (/0 ¼ 0).

Compression Induced Achiral-Chiral Phase Transition 19=[1057]
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Calculating along the treatment of the statistical mechanics, the
free energy density functional of monolayers comprised of banana-
shaped achiral molecules is derived as [10]

bf ½nðXÞ� ¼ b
Z

dXnðXÞVðXÞ þ
Z

dXnðXÞScrossðXÞ
A

þ
Z

dXi

Z
dXjnðXiÞnðXjÞ

SexclusiveðXi;XjÞ

A

þ
Z

dXnðXÞ log nðXÞ: ð4Þ

n(X) is the orientational distribution of constituent molecules, where
it satisfies

R
n(X)dX ¼ 1. A is the molecular area. b ¼ 1=(kBT) (kB:

Boltzmann constant and T: absolute temperature). The first term is
the contribution of electrostatic interaction between constituent mole-
cules and image dipole induced at the water surface. The second and
third terms are the contribution of entropy with respect to the positional
distribution of constituent molecules (positional entropy) with respect to
the intercrossing area and surface exclusive area, respectively. The
fourth term is the contribution of entropy with respect to the orienta-
tional distribution of constituent molecules (orientational entropy).

III. COMPRESSION INDUCED CHIRAL SYMMETRY BREAKING
OF MONOLAYERS COMPRISED OF BANANA-SHAPED
ACHIRAL MOLECULES

In this section, we briefly describe the mechanism of the chiral-achiral
phase transition of monolayers comprised of banana-shaped achiral
molecules to review the importance of in-plane nematic order. The
orientational distribution n(X) of monolayers comprised of banana-
shaped achiral molecules is determined so that free energy density
Eq. (4) becomes minimum. We begin our analysis from the most simple
case, where the orientational distribution function n(X) is written by
the Dirac’s delta function d(x) as

ndðXÞ sin h0 ¼ vdðh� h0Þdðw� w0Þdð/� /0Þ
þ ð1� vÞdðh� h0Þdðw� w0Þdð/� /0Þ: ð5Þ

This trial function represents that the orientation (h, w, /) of a domi-
nant number of constituent banana-shaped molecules is either (h0, w0,
/0) or (h0, �w0, /0). v=sin h0 and (1� v)=sin h0 are the fraction of
constituent molecules with the twist angle w0 and �w0, respectively.
According to Simpson [14], monolayers comprised of banana-shaped

20=[1058] T. Yamamoto et al.
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achiral molecules form chiral structure when the orientational struc-
ture is asymmetric with respect to the twist angle w, i.e., v 6¼ 1=2.
The free energy density for Eq. (5) is written as [10]

bf � w�� þ ðwþþ �w��Þv� 2wWBvð1� vÞ þ v log vþ ð1� vÞ logð1� vÞ;
ð6Þ

where wþþ ¼ Sexclusive(h0, w0, /0, h0, w0, /0)=A, w�� ¼ Sexclusive(h0, �w0,
/0, h0, �w0, /0)=A, wþ� ¼ Sexclusive(h0, w0, /0, h0, � w0, /0)=A, and

wWB ¼
wþþ þw��

2
�wþ�: ð7Þ

We neglect the contribution of the electrostatic interaction between
the permanent dipole moments of constituent molecules and the
contribution of the positional entropy with respect to the intercrossing
area since they are independent of v. The first, second, and third terms
are the contributions of positional entropy with respect to the surface
exclusive area. The fourth and fifth terms are the contributions of
orientational entropy. wþþ and w�� represent the interaction between
constituent banana-shaped molecules with the same twist angles, i.e.,
(wi, wj) ¼ (w0, w0) or (wi, wj) ¼ (�w0, �w0). wþ� represents the interac-
tion between constituent molecules with different twist angle, i.e. (wi,
wj) ¼ (w0, �w0) or (wi, wj) ¼ (�w0, w0). Equation (6) is analogous to the
free energy of Williams-Bragg approach [16,17]. On the analogy of Wil-
liams-Bragg approach, monolayers form achiral structure (v ¼ 1=2)
when wWB >� 1, and monolayers form chiral structure (v ¼ 0 or
v ¼ 1) when wWB < �1. We represents the projection lengths of two
legs þ and � of banana-shaped achiral molecules with w ¼ w0 as a
and b (a > b), respectively (Fig. 2(b)). Then, the projection lengths of
the two legs þ and � of banana-shaped achiral molecules with
w ¼�w0 are represented as b and a, respectively. The surface exclus-
ive areas made by two interacting banana-shaped molecules i and j
with the twist angle wi ¼ w0 and wj ¼ w0 are depicted as the slashed
areas in Figure 2(b), and the surface exclusive areas made by two
interacting molecules i and j with twist angles wi ¼ w0 and wj ¼ � w0

are depicted as the slashed areas in Figure 2(c). The surface exclusive
area of two interacting molecules with identical twist angles is roughly
calculated as Sexclusive(h0, w0, /0, h0, w0, /0) ¼ Sexclusive(h0, � w0, /0, h0,
� w0, /0) � 2ab (see Fig. 2 (b)), whereas the surface exclusive area of
two interacting molecules with different twist angle is written as
Sexclusive(h0, w0, /0, h0, �w0, /0) ¼ Sexclusive(h0, �w0, /0, h0, w0,
/0) � a2þ b2 (see Fig. 2(c)), i.e. wWB � � (a� b)2=A < 0. As molecular
area A decreases during the monolayer compression, jwWBj(/A�l)

Compression Induced Achiral-Chiral Phase Transition 21=[1059]
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increases. Therefore, the orientational structure of monolayers
comprised of banana-shaped achiral molecules changes from achiral
orientational structure (wWB >�1) to chiral orientational structure
(wWB <�1) at the critical area Ac in the course of monolayer
compression (Ac ¼�(Sexclusive(h0, w0, /0, h0, w0, /0)þSexclusive(h0,
�w0, /0, h0, �w0, /0))=2þSexclusive(h0, w0, /0, h0, �w0, /0)).

We extend this argument to more general cases, where the orien-
tational distribution function is written by a continuous function.
We write the orientational distribution function as

nðXÞ ¼ KðXÞe�bVðXÞ�ScrossðXÞ
A ; ð8Þ

where K(X) represents the contribution of the positional entropy with
respect to the surface exclusive area Sexclusive and the orientational
entropy. K(x) is expressed by the sum of even function part E(X) and
odd function part EOðXÞ with respect to the twist angle w as

KðXÞ ¼ EðXÞ þ EOðXÞ; ð9Þ
where EðXÞ � ðKðh;w;/Þ þ Kðh;�w;/ÞÞ=2 and EOðXÞ � ðKðh;w;/Þ�
Kðh;�w;/ÞÞ=2. Note that monolayers comprised of banana-shaped
achiral molecules form chiral structure when the orientational distri-
bution is asymmetric with respect to the twist angle w, i.e., EOðXÞ 6¼ 0,
since expð�bVðXÞ � ScrossðXÞ=AÞ is an even function of w. At the vicin-
ity of the critical area Ac ðEOðXÞ << EðXÞÞ, the free energy density of
monolayers comprised of banana-shaped achiral molecules is approxi-
mately written as [10]

bf �
Z

dXEðXÞ log EðXÞe�bVðXÞ�ScrossðXÞ
A

þ
Z

dX
Z

dX0EðXÞEðX0ÞSexclusiveðX;X0Þ
A

� e�bVðXÞ�bVðX0Þ�ScrossðXÞ
A �ScrossðX0 Þ

A

þ E2

2
ð1þwÞ

Z
dX
OðXÞ2

EðXÞ e�bVðXÞ�ScrossðXÞ
A ;

ð10Þ

with

w ¼ 1

A

2
R

dX
R

dX0OðXÞOðX0ÞSexclusiveðX;X0Þe�bVðXÞ�bVðX0Þ�ScrossðXÞ
A �ScrossðX0 Þ

AR
dX OðXÞ

2

EðXÞ e�bVðXÞ�ScrossðXÞ
A

:

ð11Þ
The first and second terms are the contribution of the even function
part of K(X). The third term is the contribution of the odd function part
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of K(X). Equation (10) indicates that monolayers form a chiral orienta-
tional structure when w< �1, and that monolayers form an achiral
orientational structure when w> �1. Actually, the physical meaning
of w is equivalent to that of wWB. In other words, our present treat-
ment extends the Williams-Bragg approach to the general orienta-
tional distribution. We represent E(X) and EOðXÞ by Fourier series as
EðXÞ ¼ a0ðh;/Þ=2þ Rnanðh;/Þ cos 2w and EOðXÞ ¼ Rnbnðh;/Þ sin 2w
ða0=2 � Rnjanðh;/ÞjÞ. The orientational entropy contributes to form
random orientational distribution (K(X) ¼ constant), and positional
entropy with respect to the surface exclusive area contributes to form
chiral orientational structure O 6¼ 0 as we have discussed. Hence, we
calculate w value numerically for the most simple trial function
E ¼ ac

0 and EO ¼ bc
1 sin 2w (ac

0 and bc
1 are constants) as a function of

molecular area A for several l, U0, and coupling constant
að� l2

0=ð16pl3E0EmkBTÞ � ðEw � 1Þ=ðEw þ 1ÞÞ [10]. However, we could not
find the critical area Ac, where w¼�1, in the region A > 10 Å2 [10].
We, then, considered the possibilities that the formation of
chiral orientational structure is enhanced by the in-plane nematic
ordering, and calculated w values numerically for E ¼ ac0

0 and
EO ¼ bc0

1 cos 2/ sin 2w (ac0

0 and bc0

1 are constants). The w values of mono-
layers comprised of banana-shaped achiral molecules with l ¼ 15 Å,
U0 ¼ 120	, and a ¼ 0.001, where it is corresponding to e.g.,
l0 ¼ 1.65 D and Em � 2, are plotted by the solid curve in Figure 3 as

FIGURE 3 Model calculation of w when we assume b1ðh;/Þ is constant. w is
calculated for monolayers of banana-shaped achiral molecules with l ¼ 20 Å,
U0 ¼ 120	, and a ¼ 0.001.
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a function of molecular area A. Results of numerical calculation of w
values for monolayers with several l, U0, and a values are discussed
in Ref. [10]. The w value becomes � 1 at the critical area Ac � 170 Å2.
This calculation demonstrates that the orientational structure of
monolayers comprised of banana-shaped molecules change from
achiral orientational structure to chiral orientational structure in
the course of a monolayer compression, and that the in-plane nematic
order plays an important role in the achiral-chiral phase transition.

IV. COMPRESSION INDUCED IN-PLANE NEMATIC ORDERING
OF MONOLAYERS COMPRISED OF BANANA-SHAPED
ACHIRAL MOLECULES

In sec. III we discussed that in-plane nematic order plays an impor-
tant role in the formation of chiral structure of banana-shaped achiral
molecules. Here, we discuss the in-plane nematic ordering of mono-
layers comprised of banana-shaped achiral molecules using the free
energy density functional, Eq. (4) in a manner similar to Onsager’s
theory of isotropic-nematic transition of bulk liquid crystal. To begin
with, we consider the most simple case, where the orientational distri-
bution function is written as

2nðXÞ sin h0 ¼ ndðh� h0ÞdðwÞðdð/� 0Þ þ dð/� pÞÞ
þ ð1� nÞdðh� h0ÞdðwÞðdð/� p=2Þ þ dð/þ p=2ÞÞ: ð12Þ

This trial function represents that the orientation (h, w, /) of a domi-
nant number of constituent molecules is (h0, 0, 0), (h0, 0, p), or (h0, 0,

p=2). Since the in-plane nematic order parameter does not depend
on the difference between the number of molecules with / ¼ 0 (p=2)
and the number of molecules with / ¼ p(� p=2), we simply assume
that the number of molecules with / ¼ 0 (p=2) equals to the number
of molecules with / ¼ p (�p=2). / ¼ 0, p and / ¼
 p=2 are representa-
tives of constituent molecules with different tilt azimuth orientation.
d(w), i.e., a dominant number of constituent molecules possess zero
twist angle w ¼ 0, represents the monolayers are achiral. This treat-
ment is also used in the Onsager’s theory. n=sin h0 is the fraction of
molecules with / ¼ 0 or p, and ð1� nÞ= sin h0 is the fraction of
molecules with / ¼ p=2 or �p=2. Substituting Eq. (12) into Eq. (4),
the free energy density is written as

bf � wN
�� þ ðwN

þþ �wN
��Þn � 2wN

WBnð1� nÞ þ n log n þ ð1� nÞ logð1� nÞ;
ð13Þ

24=[1062] T. Yamamoto et al.
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where wN
þþ ¼ ðSexclusiveðh0; 0; 0; h0; 0; 0Þ þ Sexclusiveðh0; 0; 0; h0; 0; pÞÞ=A,

wN
�� ¼ ðSexclusiveðh0; 0; p=2; h0; 0; p=2Þ þ Sexclusiveðh0; 0; p=2; h0; 0;�p=2ÞÞ=

A, wN
þ� ¼ ðSexclusiveðh0;0; 0; h0; 0; p=2Þþ Sexclusiveðh0; 0; 0; h0; 0;�p=2ÞÞ=A

and

wN
WB ¼

wN
þþ þwN

��
2

�wN
þ�: ð14Þ

The first, second, and third terms are the contributions of positional
entropy with respect to the surface exclusive area Sexclusive. The fourth
and fifth terms are the contributions of orientational entropy. wN

þþ and
wN
�� represent the interactions between the constituent molecules,

whose orientations of n-axis projections are parallel to each other,
and wN

þ� represent the interaction between the constituent molecules,
whose orientations of n-axis projections are perpendicular to each
other. The contributions of electrostatic interaction between the per-
manent dipole moments of constituent molecules and image dipoles
induced at the water surface, and positional entropy with respect to
the intercrossing area Scross are neglected since they are independent
of n. Equation (13) is again analogous to the free energy of Williams-
Bragg approach. On the analogy of Williams-Bragg approach, when
wN

WB >�1, monolayers are in isotropic phase (n ¼ 1=2), whereas, when,
wN

WB<�1, monolayers are in in-plane nematic phase (n ¼ 0 or 1). The
surface exclusive area is depicted as the slashed area in Figures 4(a)
and (b). The angle between the projections of two molecular legs is
represented by Dð¼ 2 tan�1ðtanðU0=2Þ= sin h0ÞÞ, and the length of the
projections of molecular legs is represented by a. When the n-axis pro-
jections of two interacting molecules are parallel to each other (see Fig. 4(a)),
Sexclusiveðh0; 0; 0; h0; 0; 0Þ ¼ Sexclusiveðh0; 0; 0; h0; 0; pÞ ¼ Sexclusiveðh0; 0; p=2;
h0; 0; p=2Þ ¼ Sexclusiveðh0; 0; p=2; h0; 0;�p=2Þ ¼ 4a2 sinðD=2Þ cosðD=2Þ.When
the n-axis projections of two interacting molecules are perpendicular to
each other (see Fig. 4(b)), Sexclusiveðh0; 0;0; h0;0; p=2Þ ¼ Sexdustve

ðh0; 0; 0; h0; 0;�p=2Þ ¼ 4a2 sin2ðD=2Þ. We assume that constituent
banana-shaped achiral molecules have U0 � 120� (U0� p=2 rad), where
it is a typical value of banana-shaped achiral molecules used in the
studies of liquid crystals [11]. The angle between the two leg projections
of such banana-shaped achiral molecules is D � U0(� p=2), i.e., wN

WB�
�4

ffiffiffiffiffiffiffiffi

2a2
p

sinðD=2Þ sinðD=2� p=4Þ=A < 0. As the molecular area A
decreases during the monolayer compression, jwN

WBjð/ A�1Þ increases.
Hence, in the course of monolayer compression, monolayers comprised
of banana-shaped achiral molecules change from isotropic phase
(n ¼ 1=2) to in-plane nematic phase (n ¼ 0 or 1) at the critical area AN

c ,
where wN

WB ¼ �1ðAN
c ¼ 4a2 tanðD=2ÞðtanðD=2Þ � 1Þ=ð1þ tan2ðD=2ÞÞÞ.

We discussed the presence of in-plane nematic phase using the similar
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argument to sec. III. However, there is an important difference. The
compression induced chiral symmetry breaking of monolayers
comprised of banana-shaped molecules is attributed to the difference
of projection shapes between constituent molecules with w ¼ w0 and
constituent molecules with w ¼�w0. On the other hand, in-plane
nematic ordering originates from the elongated shape of banana-
shaped molecules (see Fig. 4(c)). Therefore, both in-plane nematic order
and chiral orientational structure originate from the banana shape of
constituent molecules. The projected shapes of constituent banana-
shaped achiral molecules are roughly viewed as rectangular shape
depicted by dashed line in Figure 4(c), whose aspect ratio is 2tan(D=2).
D is dependent on the tilt angle h0. Thus, constituent banana-shaped
achiral molecules apparently behave as rod-shaped molecules, whose
aspect ratio is dependent on the orientation, in the 2D geometry of
monolayers.

We extend the argument to more general case, where nðXÞ is repre-
sented by a continuous function. nðXÞ is written as Eq. (8). KðXÞ is

FIGURE 4 (a) The surface exclusive area Sexclusive of two interacting mole-
cules, i and j, whose n-axis projections are parallel to each other (h ¼ h0 and
w ¼ 0). Projections of molecular legs are represented by the solid rods. (b) Sur-
face exclusive area Sexclusive of two interacting molecules, i and j, whose n-axis
projections are perpendicular to each other. Projections of molecular legs are
represented by the solid rods (/0). (c) Projection of a constituent banana-
shaped molecules viewed as an effective rod-shaped molecules with aspect
ratio 2 tanðD=2Þ (dashed rectangular).

26=[1064] T. Yamamoto et al.
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further represented as

KðXÞ ¼ IðXÞ þ ENðXÞ; ð15Þ

where IðXÞ ¼ 1=ð2pÞ
R p
�p d/ KðXÞ and ENðXÞ ¼ KðXÞ � 1=ð2pÞR p

�p d/ KðXÞ. I and EN are the /-independent part and /-dependent
part of KðXÞ, respectively. Monolayers are in isotropic phase when
EN ¼ 0, whereas monolayers are in in-plane nematic phase when
EN 6¼ 0. At the vicinity of critical area AN

c of isotropic-in-plane nematic
phase transition, EN << I is satisfied, and the free energy density
functional is approximately written as

bf �
Z

dXIðXÞ log IðXÞe�bVðXÞ�ScrossðXÞ
A

þ
Z

dXi

Z
dXjIðXiÞIðXjÞ

SexclusiveðXi;XjÞ
A

e�bVðXiÞ�
ScrossðXiÞ

A

� e�bVðXjÞ�
ScrossðXjÞ

A þ E2

2
ð1þwNÞ

Z
dX
N 2X
IðXÞ e

�bVðXÞ�ScrossðXÞ
A ; ð16Þ

with

wN ¼ 2

A

R
dXj

R
dXjNðXiÞN ðXjÞSexclusiveðXi;XjÞe

�bVðXiÞ�
ScrossðXiÞ

A e�bVðXjÞ�
ScrossðXjÞ

AR
dXN

2ðXÞ
IðXÞ e�bVðXÞ�ScrossðXÞ

A

:

ð17Þ

When wN > �1; EN ¼ 0, i.e., monolayers are in isotropic phase, while
when wN < �1; EN 6¼ 0, i.e., monolayers are in in-plane nematic
phase. The physical meaning of wN is equivalent to that of wN

WB. Actu-
ally, wN is reduced to wN

WB when we substitute Eq. (12) into Eq. (17).
We again express I and EN by Fourier series as IðXÞ ¼ c0ðh;wÞ and
ENðXÞ ¼

PN
n¼1 cnðh;wÞ cos n/. When any of cn6¼0ðh;wÞ is non-zero,

monolayers possess in-plane nematic order. KðXÞ represents the con-
tributions of orientational entropy and positional entropy with respect
to the surface exclusive area Sexclusive to the orientational distribution
function. As we have already discussed, the orientational entropy
contributes to form the random orientational distribution, whereas
the positional entropy with respect to Sexclusive contributes to form
the in-plane nematic ordering. Thus, for simplicity, we begin our
numerical calculation using a trial function I ¼ cc

0 and EN ¼ cc
2

cos 2/, where cc
0 and cc

2 are constants. wN of monolayers comprised
of banana-shaped achiral molecules with l ¼ 20.0 Å, U0 ¼ 120	, and
a ¼ 0.001 is calculated as a function of A numerically, and plotted to
the solid curves in Figures 5(a)–(c). The solid curves in Figures 5(a)–(c)

Compression Induced Achiral-Chiral Phase Transition 27=[1065]
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are equivalent. This result indicates that in-plane nematic ordering
occurs at the critical area AN

c � 50 Å2 (the area with wN ¼ �1), where
it is smaller area than the critical area of chiral symmetry breaking.
wN is calculated for several l, U0, and a (see Fig. 5). However, the
results does not change so much from the solid line (l ¼ 20.0 Å,
U0 ¼ 120	, and a ¼ 0.001). As we have discussed in sec.III, the twist
angle w can change the shape of projections of constituent molecules.
In our previous study, we found that the monolayers form the orienta-
tional distribution proportional to cos 2w from large molecular area
(A > 300 Å2) in a monolayer compression (see Fig. 5 in Ref. [10]).

FIGURE 5 Model calculation of wN when I � cc
0 and EN � cc

2 cos 2/. The solid
curves are wN of monolayers with l ¼ 20.0 Å, U0 ¼ 120	, and a ¼ 0.001 as a
function of A. wN is also calculated for various l, U0, and a in (a), (b), and
(c), respectively. The roughness of the curves at the small molecular area is
because the number of plotted points are few.

28=[1066] T. Yamamoto et al.
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In order to investigate the possibilities that the twist angle w contri-
butes to the formation of in-plane nematic phase, we also consider a
trial function I � cc0

0 and EN � cc0

2 cos 2w cos 2/ and (cc0

0 and cc0

2 are
constants). wN of monolayers comprised of banana-shaped achiral
molecules with l ¼ 20.0 Å, U0 ¼ 120	, and a ¼ 0.001 is calculated as a
function of A numerically, and plotted to the solid curves in
Figures 6(a)–(c). The solid curves in Figures 6(a)–(c) are equivalent.
This result indicates that isotropic-in-plane nematic transition occurs
at the critical area Ac � 270 Å2, where it is larger than the critical area
of the chiral symmetry breaking. When we extend the discussion of
Eq. (12) to banana-shaped molecules with finite twist angle (w 6¼ 0),

FIGURE 6 Model calculation of wN when I � cc
0 and EN � cc

2 cos 2w cos 2/.
The solid curves are wN of monolayers with l ¼ 20.0 Å, U0 ¼ 120.0	, and
a ¼ 0.001 as a function of A. wN is also calculated for various l, U0, and a in
(a), (b), and (c), respectively. The roughness of the curves at the small molecu-
lar area is because the number of plotted points are few.

Compression Induced Achiral-Chiral Phase Transition 29=[1067]

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
5:

02
 0

9 
A

ug
us

t 2
01

2 



banana-shaped achiral molecules are viewed as effective
rod-shaped molecules with aspect ratio minf2=ðcos hi tan wiþ
sin hiðtanðU0=2Þ cos wiÞÞ; 2=ð� cos hi tan wi þ sin hi=ðtanðU0=2Þ cos wiÞÞg,
where minfA;Bg is the smaller value of A and B. The aspect ratio of
effective rod-shaped molecules becomes maximum when w ¼ 0 and

p=2. Therefore, the orientational distribution proportional to cos 2w
is the origin of the in-plane nematic ordering. Constituent banana-
shaped achiral molecules behave as rod-shaped molecules with vari-
able aspect ratio in 2D geometry. In-plane nematic ordering largely
increases positional entropy when the projections of constituent mole-
cules have large aspect ratio, i.e., in the presence of the orientational
distribution proportional to cos 2w. On the other hand, the chiral
orientational distribution sin 2w increases the constituent molecules
with finite twist angle orientation ðw 6¼ 0Þ and decreases the constitu-
ent molecules with large aspect ratio. The in-plane nematic order
increases larger positional entropy than the formation of chiral struc-
ture. Consequently, monolayers comprised of banana-shaped achiral
molecules form in-plane nematic phase at the larger molecular area
than the formation of chiral symmetry breaking. Experimentally, as
we discussed in sec.I, BAR and SHG are capable of probing the in-plane
nematic ordering and chiral symmetry breaking of monolayers. On the
measurement of BAR and SHG during the monolayer compression, it
is possible to check the prediction of present theory that in-plane
nematic order is established in a larger molecular area than chiral sym-
metry breaking. Our present results indicate that constituent banana-
shaped achiral molecules behave as rod-shaped molecules with variable
aspect ratio and monolayers comprised of banana-shaped achiral mole-
cules form in-plane nematic order at the larger molecular area than
the formation of chiral orientational structure.

V. CONCLUSION

The orientational structure of monolayers comprised of banana-
shaped achiral molecules has been analyzed in the context of chiral
formation and in-plane nematic phase formation, taking into account
the electrostatic interaction between the permanent dipole moments
of constituent molecules and image dipoles induced at the water sur-
face, and hard-core repulsive interaction between constituent mole-
cules. The free energy density functional of the monolayers has been
derived as a generalization of Williams-Bragg approach. On the ana-
logy of Williams-Bragg approach, it has been demonstrated that mono-
layers comprised of banana-shaped achiral molecules form chiral
orientational structure during the monolayer compression due to the

30=[1068] T. Yamamoto et al.
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2D geometry of monolayers and that in-plane nematic order enhances
the achiral-chiral phase transition. In a similar framework, we demon-
strated that banana-shaped achiral molecules were viewed as effective
rod-shaped molecules with variable aspect ratio and that in-plane
nematic order was established at a larger molecular area than the
achiral-chiral phase transition in the course of a monolayer com-
pression. In conclusion, the in-plane nematic order plays an important
role in the formation of chiral orientational structure.
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